Let (M n ) n≥0 be the Mersenne sequence defined by M n = 2 n − 1. Let ω(n) be the number of distinct prime divisors of n. In this short note, we present a description of the Mersenne numbers satisfying ω(M n ) ≤ 3. Moreover, we prove that the inequality, for ǫ > 0, ω(M n ) > 2 (1−ǫ) log log n − 3 holds almost all positive integer n.
Introduction
Let (M n ) n≥0 be the Mersenne sequence (sequence A000225 in the OEIS) given by M 0 = 0, M 1 = 1, M 2 = 3, M 3 = 7, M 4 = 15 and M n = 2 n − 1, for n ≥ 0. A simple calculation shows that if M n is a prime number, then n is a prime number. When M n is a prime number, it is called Mersenne prime. Throughout history, many researchers sought to find Mersenne primes. Some tools are very important for the search for Mersenne primes, mainly the Lucas-Lehmer test. There are papers (see for example [1, 3, 11] ) that seek to describe the prime factors of M n , where M n is a composite number and n is a prime number.
Besides, some papers seek to describe prime divisors of Mersenne number M n , where n cannot be a prime number (see for example [4, 6, 8, 9, 10] ). In this paper, we propose to investigate the function ω(n), which refers to the number of distinct prime divisors of n, applied to M n .
Preliminary results
If n is a positive integer, write ω(n) for the number of distinct prime divisors of n. Some well known facts are presented below as lemmas.
The first Lemma is the well-know Theorem XXIII of [2] , obtained by Carmichael.
Lemma 1. If n = 1, 2, 6, then M n has a prime divisor which does not divide any M m for 0 < m < n. Such prime is called a primitive divisor of M n .
We also need the following results:
Proof. As gcd(m, n) = 1, it follows that gcd(M m , M n ) = 1 by (1). Now, according to Lemma 1, we have a prime number p such that p divides M mn and p does not divide M m M n . Therefore, the proof of proposition is completed.
Mihǎilescu [7] proved the following result. 
i.e., 2 p − 1|q. Therefore, the proof of (i) is completed.
i.e., 2 p − 1|p 2 . But, for p = 2 or p = 3, 2 p − 1 ∤ p 2 and for p ≥ 5, we have 2 p − 1 > p 2 . Therefore, the proof of (ii) is completed.
Remark 5. It is known that all divisors of M p have the form q = 2lp + 1, where p, q are prime numbers and l ≡ 0 or − p (mod 4).
3 Mersenne numbers with ω(M n ) ≤ 3 Theorem 6. The only solutions of the equation
are given by n, where n is a prime number for which M n is a prime number of the form 2lp + 1, where l ≡ 0 or − p (mod 4). 
Proof. According to Lemma 1, we have
) ≥ α i . Now, according to Proposition 2, we have
To facilitate the proof of the next two theorems, we present two specific cases of Proposition 7. (ii) p 1 p 2 |n or 2p 1 |n, where p 1 , p 2 are distinct odd prime numbers.
Proof. For p 3 1 |n, we apply the first part of the proof Proposition 7, with s = 1 and α 1 = 3. For p 1 p 2 |n and 2p 1 |n, we apply the Proposition 7, with s = 2 and α 1 = α 2 = 1. 
(ii) if n = p 1 , then M n = p s q t , where p, q are distinct odd prime numbers and s, t ∈ N with gcd(s, t) = 1. Moreover, p, q satisfy p = 2l 1 p 1 + 1, q = 2l 2 p 1 + 1, where l 1 , l 2 are distinct positive integers and l i ≡ 0 or − p (mod 4).
Proof. This first part is an immediate consequence of Proposition 8.
(i) If ω(M n ) = 2, with n = p 2 1 , then on one hand M n = p s q t , with t, s ∈ N. On the other hand, by Lemma 
However, according to Lemma 3, we have gcd(s, t) = 1. The remainder of the conclusion is a direct consequence of Remark 5. are given by n = 8 or n = p 1 or n = 2p 1 or n = p 1 p 2 or n = p 2 1 or n = p 3 1 , for some distinct odd prime numbers p 1 < p 2 . Furthermore,
and k is a prime number.
(
t k r and gcd(t, r) = 1, with t, r ∈ N, and k is a prime number.
with M p 1 = p s q t and (s, t) = 1, and p, q, k are prime numbers. 
. . . ; with n = p 3 , p is a prime number: 
Mersenne numbers rarely have few prime factors.
We observe, that by Proposition 7, we have ω(M n ) ≥ t + 1, where t is the number of prime divisors of n, counting the multiplicity. Of course, this lower bound depends on n, but it is necessary to obtain the factorization of n. The theorem below proved a lower bound that depends directly on n. To prove this theorem, we need the following lemma.
Lemma 12 (Theorem 432, [5] ). Let d(n) be the total number of divisors of n. If ǫ a is positive number, then 2 (1−ǫ) log log n < d(n) < 2 (1+ǫ) log log n for almost all positive integer n.
Theorem 13. Let ǫ be a positive number. The inequality ω(M n ) > 2 (1−ǫ) log log n − 3 holds for almost all positive integer n.
Proof. According to Lemma 1, we know that if h|n and h = 1, 2, 6, then M h has a prime primitive factor. This implies that
Consequently, by Lemma 12, we have ω(M n ) > 2 (1−ǫ) log log n − 3 for almost all positive integer n.
